Abstract-A novel decoupled control method based on MIMO system is proposed for FS-SEA (force sourced series elastic actuator) flexible manipulators. The joint output angles of the flexible manipulator and the deformation angles of the flexible mechanisms are chosen as the state quantities of the system, and a new decoupled control law is designed, which makes the proposed method achieve high tracking accuracy and very strong disturbance rejection ability. The simulations are carried out to verify the control method proposed in this paper that is compared with DLR's control method proposed in 2011 and PD feedback computed torque method respectively. The comparison results illustrate that the control method proposed in this paper has an outstanding performance.
I. INTRODUCTION
hen the applications interacting frequently with environment or humans are considered, flexible manipulators have advantages that traditional rigid ones can not match. Compared with rigid manipulators, flexible manipulators have the characteristics of smooth and accurate force control, strong shock resistance and energy storing capacity, for which they exhibit very strong interactive ability [1] . When manipulators interacting with humans, security is the most important precondition. The security precondition requires low impedance at all frequencies, not only in the controllable stable bandwidth [2] . Flexible manipulators can achieve low impedance across the whole frequency domain. That provides essential safety assurance for the interaction between manipulators and humans.
As an effective implementation of flexible manipulators, series elastic actuators (SEA) make joints' flexibility increase significantly through connecting elastic mechanisms into the joints of the manipulators. Pratt and Williamson [3] proposed the concept of SEA for the first time in 1995, and studied its features and control method. Classified according to the control modes, SEAs mainly comprise force sourced ones (FS-SEA) and velocity sourced ones (VS-SEA). By now, there have been some researches already for both of the two kinds of SEA. Sensinger and Weir [4] researched SEA's ability to mimic different stiffness under unconstrained impedance control; Hurst et al [5] developed a variable-compliance actuation system for the problem of biped running based on SEA; Ragonesi et al [6] developed an upper limb exoskeleton driven by SEA for rehabilitation, and researched its control method and performance; Thorson and Caldwell [7] presented a novel revolute nonlinear SEA optimized for highly dynamic tasks, which can be applied to running or jumping of robots. The above are some representative studies on FS-SEA. If a fast inner velocity loop or inner position loop is added over the joint motor, the motor can be regarded as a velocity source [2, 8] . Then the SEA will belong to VS-SEA. The representative studies on VS-SEA include: Vallery et al [8] researched accurate torque control of SEA using cascaded control mode with a fast inner velocity loop under the premise of passivity; Wyeth [9, 10] deeply studied the control issues for VS-SEA, which include control algorithm designing, velocity saturation effect and trajectory generation under saturation, through a kind of self-designed SEA. The main drawback of VS-SEA is that the joint motor can not be regarded as ideal velocity source unconditionally. That is to say the effect of velocity saturation exists. Although the model of VS-SEA is simpler than the one of FS-SEA, the problem of trajectory generation under velocity saturation effect is very complicated. Otherwise, the control structure of double loops also increases the complexity of the system. Consequently, FS-SEA is adopted as the control mode of SEA in this paper.
Although there are many researches on characteristics and control methods of a single SEA joint, the research on whole arm control methods for SEA flexible manipulators is rare throughout the research reports on SEA. The control issues of SEA flexible manipulators are very different from those of a single SEA joint, which is mainly because feedback control laws introduce strong coupling effects between various DoFs. So, specialized research is needed. From literatures and papers, one can still rarely see successful cases of the studies on SEA flexible manipulators by now. The better known are only DLR Hand Arm System from Germany [11] , and NASA's Robonaut 2 [1] and Valkyrie [12] from America. In the research work on DLR Hand Arm System, there are some studies about the whole arm control method for SEA flexible manipulators. Flexible manipulators are controlled with MIMO system decoupling transformation, and the method has plenty worthy to be learnt from. But it is found via investigations that the control method can not achieve relatively good results. As to the related research work by NASA, there is no literature report on the whole arm control method for SEA flexible manipulators. Given the current research status, this paper will propose a novel decoupled control method based on MIMO system for flexible joint manipulators with FS-SEA, which can achieve an outstanding performance.
II. DYNAMIC MODEL
The schema of a series flexible-joint manipulator with n DoFs based on FS-SEA is as shown in Fig. 1 . The standard form of SEA flexible manipulators' dynamic model can be derived based on spatial operator algebra recursive dynamics [13] [14] [15] [16] . Flexible manipulators generally run at relatively low speed. It is found via investigations that the role of dynamic coupled terms between the joint rotors and the whole arm is trivial under the circumstances. For simplifying the dynamic model of the system and making the designing of control algorithm easier, the dynamic coupled terms between the joint rotors and the whole arm are ignored here. In this case, the rotor dynamics of Joint k is in the form of T is the output torque of the SEA flexible mechanism, which comprises the elastic recovery torque and the damping torque and can be expressed as The whole arm dynamics can be expressed as the following standard form:
Then the complete dynamics of the flexible-joint manipulator system based on FS-SEA can be expressed as follows:
in which
In the dynamic system as shown in (7), m T is the system input,  and θ are the system outputs. The torque T of the SEA flexible mechanisms is a function of the deformation of themselves, that is,
Consequently, the system expressed in (7) is a MIMO system with n inputs and 2n outputs.
III. DECOUPLED CONTROL METHOD BASED ON MIMO SYSTEM
Generally, the joint rotor dynamics and the whole arm dynamics of the FS-SEA flexible manipulator system are at similar natural frequencies. This makes various DoFs of the system strongly couple together, and each system input can influence the behavior of all the system DoFs. As a result, the system needs to be controlled with decoupled algorithms. This paper will propose a novel decoupled algorithm based on MIMO system, which will be introduced with the following three sections.
A. Conversion of the Dynamic Model
Do local linearization of (7), and we can obtain
. Thus, two matrix equations can be obtained:
When researching an SEA flexible manipulator system, one is not usually interested in the equivalent output angles  of the joint rotors, actually. In contrast, the output angles θ of the joints and the deformation angles of SEAs (recorded as ψ , θ ψ    ) are more noteworthy system state quantities. Convert (9) into the differential equations about θ and ψ , and we can obtain
Record  
B. Decoupling Transformation
In (11), M is a symmetric positive definite matrix, and K is a symmetric matrix. It can be known that there exists some non-singular matrix Q that diagonalizes M and K simultaneously. That is,
in which Q K is a diagonal matrix. If 1 B can also be diagonalized at the same time, the system can be decoupled thoroughly. But unfortunately, the above diagonalization method can handle only two matrices with one transformation matrix. For decoupling the system thoroughly [11, 17] , let  Kψ
in which  B is the linear combination of M and K. That is,
Then, Eq. (11) will convert into the following form of
Here under a new control quantity w, the system (15) can be decoupled thoroughly. We have 1 ,
Define a set of coordinate transformation:
Thus the decoupled form of the system (15) is
Hence the decoupled system (18) can be controlled with the control methods of SISO systems. The following consideration is how to choose the linear combination coefficients α and β in (14) . For choosing α and β, it is hoped to minimize the modification when the system description transforms from (11) 
C. Designing of the Control Law
For decoupled system (18), the following control law is designed: 
The eigenpolynomial of a standard 4-order system has the following form of
, the 4-order system is a passive one that can guarantee stability of the system. The relationship between the coefficients of the 4-order system (21) and damping ratios, natural frequencies can be obtained as follows: 
According to (23), the feedback gains in the control law (20) can be determined with the following method. Firstly, select the damping ratios 1  , 2  , and 
The preselected value of After all the feedback gains in the control law (20) are determined, the decoupled system (18) can be controlled with the control quantity Q w . Because the transformation processes from the local linearization system (9) to the decoupled system (18) are all equivalent, controlling the system (18) with Q w is the same as controlling the system (9) with m T . And if the local linearization system (9) is controlled, the initial flexible manipulator dynamic system (7) is controlled as well. That is, according to the sequence Q w → w → 1 T → m T , the control quantity m T applied to the actual system, in other words the expected output torques of the joint motors, can be acquired. The control system block diagram of the decoupled control method based on MIMO system is as shown in Fig. 2 . 
IV. SIMULATIONS
Use the decoupled control method based on MIMO system proposed in this paper to control the motion of a 3-DoF flexible-joint emulational manipulator based on FS-SEA. The schema of the simulation object is as shown in Fig. 3 .
A. Comparison of Motion Control
The emulational manipulator is controlled to track the given motion commands with the control method proposed in this paper and DLR's method proposed in 2011 [11] respectively. The motion commands are as shown in Fig. 4 . The two methods are both decoupled control methods based on MIMO system, whose distinctions consist in the choice of system state quantities and the designing of control laws. Fig. 6 show the tracking curves of the joint angles with the control method in this paper and DLR's method in 2011 respectively. It can be seen from the figures that the tracking curves of the joint angles derived with the method proposed in this paper are very smooth and accurate, while the joint output angles of the flexible manipulator oscillate when controlled with DLR's method in 2011. So decoupled control methods based on MIMO system do not guarantee the ideal control effect. Control effect mainly depends on the choice of system state quantities and the designing of control laws. The method proposed in this paper is obviously better than DLR's method in 2011 in the above two aspects. Fig. 7 shows the tracking errors with the method proposed in this paper. It can be found that the errors are very small for SEA flexible manipulators. This indicates that SEA flexible manipulators controlled with the method in this paper have strong capability of tracking motion commands. 
B. Comparison of Impact Resistance
The emulational manipulator is still controlled to track the motion commands given in Fig. 4 . The situation will be investigated that the flexible manipulator system is impacted in the process of tracking. We do simulations with the control method proposed in this paper and the classical PD feedback computed torque method respectively, and compare the results. Fig. 8 shows the output angle curves of the manipulator's joints with the method in this paper, in the case that the manipulator's end suffers an external impact force of 10000N at t = 1s; Fig. 9 shows the output angle curves of the manipulator's joints with PD feedback computed torque method, in the case that the manipulator's end suffers an external impact force of 20N at t = 1s. It can be seen from Fig.  8 and Fig. 9 that the manipulator is not stable under an impact force of 20N and suffers self-excited oscillation phenomenon with PD feedback computed torque method, but the manipulator is still stable under an impact force of 10000N and attenuates the oscillation caused by the impact force quickly and precisely arrives at the target position finally with the MIMO decoupled control method proposed in this paper. This indicates that the method proposed in this paper has a very strong ability of resisting external impact forces.
Next another form of impact will be investigated, that is, the circumstance of motion commands jumping. The control method proposed in this paper is still compared with PD feedback computed torque method. Fig. 10 shows the output angle curves of the manipulator's joints with the method in this paper, in the case that the motion commands are constant status of the joint angles in the first 5s and suddenly jump to the final position in Fig. 4 at t = 5s; Fig. 11 shows the output angle curves of the manipulator's joints with PD feedback computed torque method, in the case that the motion command of each joint of the manipulator jumps up for 5° at t = 5s. It can be seen from Fig. 10 and Fig. 11 that the manipulator may suffer self-excited oscillation phenomenon with PD feedback computed torque method even though the motion commands jump only for small amplitudes; but the manipulator system is still stable with the MIMO decoupled control method proposed in this paper when the motion commands jump for very large amplitudes, and stabilizes at the final command position in about 1.5s. This indicates that the method proposed in this paper also has a very strong ability of resisting jump of motion commands. It can be figured out from the above comparisons that the decoupled control method based on MIMO system proposed in this paper is a very stable and accurate method with a very strong ability of disturbance rejection. V. CONCLUSIONS This paper firstly derives the standard form of the complete dynamics of n-DoF FS-SEA series flexible-joint manipulator systems based on spatial operator algebra recursive dynamics, then proposes a novel decoupled control method based on MIMO system for the standard dynamics derived. The joint output angles of the flexible manipulator and the deformation angles of the flexible mechanisms are chosen as the state quantities of the system, and a new decoupled control law is designed, which makes the proposed method achieve high tracking accuracy and very strong disturbance rejection ability.
The simulations are carried out with a 3-DoF SEA flexible emulational manipulator. The control method proposed in this paper is compared with DLR's control method proposed in 2011 and PD feedback computed torque method respectively. The comparison results sufficiently illustrate that the decoupled control method based on MIMO system proposed in this paper has an outstanding performance.
